 fig. S8 . AFM(C) magnetic spin order parameter calculated in the tetragonal P4mm phase as a function of pressure and temperature.  fig. S9 . AFM(G) magnetic spin order parameter calculated in the orthorhombic Pbnm phase as a function of pressure and temperature.  fig. S10 . Volume per formula unit calculated in BCO's polymorphs at a fixed pressure of Pf = 2.5 GPa and expressed as a function of temperature.  fig. S11 . Calculated quasi-harmonic free energies of BCO's polymorphs at a fixed pressure of Pf = 2.5 GPa.  fig. S12 . Contributions to the Gibbs free energy difference, 4 harm harm harm P mm Pbnm
, calculated in bulk BCO as a function of temperature and pressure.  fig. S13 . Spin free energy difference between the P4mm and Pbnm phases calculated at P = 2.5 GPa as a function of temperature.  fig. S14 . Chemical doping strategy proposed to bring the multiferroic phase competition disclosed in bulk BCO down to zero pressure (oxygen atoms, not indicated in the figure, always enter the formulae as "O3"). Calculated zero-temperature total energy differences between the tetragonal P 4mm, orthorhombic P bnm, and monoclinic P c phases at zero pressure using several DFT exchange-correlation functionals. In the LDA, PBE, and PBE sol cases, the "Hubbard U" scheme with U = 6 eV is employed for a better treatment of 3d electrons. Quantum zero-point motion corrections to the total enery are disregarded.
I. SUPPLEMENTARY DISCUSSION: THE ROLE OF THE EXCHANGE CORRELATION ENERGY FUNCTIONAL
We have investigated the performance of a number of hybrid (i.e., HSE06, HSE06 sol , PBE0, and PBE0 sol ) and standard (i.e., LDA+U, GGA PBE+U and GGA PBE sol +U with U = 6 eV) DFT exchange-correlation functionals in describing the relative thermodynamic stability between different phases in bulk BiCoO 3 (BCO). As it is shown in Supplementary   Table I , all the investigated DFT exchange-correlation functionals agree in predicting that at zero pressure the ground-state phase is the tetragonal P 4mm (phase T in the main text).
According to our DFT calculations, there is a monoclinic P c phase with an electrical polarisation of 110 µC/m 2 tilted an angle of ∼ 10 • with respect to the pseudocubic direction [111] , that is energetically competitive with the non-polar P bnm phase (i.e., with the phase referred to as O in the main text). All hybrid and GGA PBE+U functionals agree in predicting that this monoclinic P c phase has a slightly smaller energy than the orthorhombic P bnm at T = 0 K and P = 0 GPa; this is in contrast to the results obtained with the LDA+U and GGA PBE sol +U functionals. It is noted that all hybrid and standard PBE+U functionals consistently predict also that the energy of the orthorhombic P bnm phase becomes smaller than that of the monoclinic P c by effect of increasing pressure (not shown here). Nevertheless, the zero-temperature transition pressures obtained with hybrid functionals for the tetragonal P 4mm → orthorhombic P bnm phase transformation turn out to be unrealistically too large (i.e., P c ∼ 10 − 20 GPa). On the other hand, the zero-temperature transition pressures estimated for the same transformation with the LDA+U and GGA PBE sol +U functionals turn out to be unrealistically too small (i.e., P c ∼ 0.5 − 1.5 GPa). Only the GGA PBE+U functional provides a reasonable description of the transition pressure observed in the experiments (i.e., P expt c ∼ 3.6 GPa, see Fig. 2 ), and for this important reason we use it throughout the present work.
We should note that the difficulties to accurately predict the relative stabiltiy of compet- in bulk BCO at the transition pressure P c considering the tetragonal P 4mm and orthorhombic P bnm phases. In the tetragonal phase with AFM(C) spin order, the square-pyramidal like crystal field splits the electronic d levels into nondegenerate b 2g (d xy ), doubly degenerate e g (d xz , d yz ), nondegenerate a 1g (d z 2 ), and b 1g (d x 2 −y 2 ) (see fig. S1a ). In this case, our DFT results render a high-spin state (HS, S = 2) characterised by the electronic occupation configuration b 2 2g e 2 g a 1 1g b 1 1g and an atomic spin moment of 3.1 µ B . These results are in good agreement with the experimental data reported in work [7] and also with previous computational studies based on DFT methods .
In the orthorhombic phase with AFM(G) spin order, the CoO 6 octahedra is slightly distorted, as the Co-O bond lengths are somewhat different, hence the degeneracies of the three t 2g (d xy , d xz , d yz ) and two e g (d z 2 , d x 2 −y 2 ) states are strictly lifted (see fig. S1b ). Also in this case, our DFT results render a high-spin state (HS, S = 2) characterised by the electronic occupation configuration t 4 2g e 2 g and an atomic spin moment of 3.1 µ B . Interestingly, upon increasing compression we find a sequence of two spin-state transitions (see fig. S1c ); first, from a HS to a mixed HS and low-spin (HS-LS) state at 47 GPa, and subsequently from a HS-LS state to a low-spin (LS) state at 51 GPa. In the mixed HS-LS state, we estimate Co 3+ magnetic moments of 3.1 and 0.2 µ B arranged in a rocksalt-like fashion. In the LS state, we compute null magnetic moments for all Co 3+ ions, that is, the system is nonmagnetic.
Our DFT results on bulk BCO, therefore, do not render any change of spin state at As regards previous DFT studies, we first notice that several authors assumed a cubic or tetragonal structure as the high-pressure phase of bulk BCO ; they all predicted a Kanungo and Saha-Dasgupta 13 a HS to LS. In those two works, however, the spin order rendering minimum energy in the P bnm phase, namely AFM(G), was not considered, and a ferromagnetic arrangement was assumed instead. Interestingly, we have explicitly checked that this is a very important detail as it has a crucial impact on the predicted spin-crossover pressures. As shown in fig. S1c the enthalpy gap between the FM and AFM(G) configurations is quite considerable, reflecting the very stable nature of the HS-AFM(G) state against alternative (e.g., IS or LS) configurations. By assuming a FM spin arrangement in the HS state, the mentioned authors obtained spin-crossover pressures that are well below the ones predicted when considering the most stable spin order (see fig. S1c-d ).
Finally, let us note that the "Hubbard-U" parameter has an effect on the computed transition pressures. For example, we find that, in the limit of U = 0 eV, a LS P bnm phase gets stabilized at pressures as low as 2 GPa, which is clearly unrealistic when compared to the experiments. In this sense, note that our choice of U = 6 eV is typical of perovskite oxides with Co in a 3+ oxidation state (values between 4 eV and 6 eV are most common in the literature 2,1 , ) and, indeed, yields a very reasonable behavior for BiCoO 3 , both at the structural and electronic levels. Most importantly, as discussed above, our calculations 10 ,11
quantitatively reproduce the key experimental measurements of Oka et al. regarding the P 4mm → P bnm structural transition, which strongly supports the soundness of our choice.
III. SUPPLEMENTARY DATA
In Supplementary fig. S2 , we show the zero-temperature enthalpy energy difference calculated among the tetragonal P 4mm, orthorhombic P bnm, and monoclinic P c phases with the PBE+U functional. The observed P -induced polar → non-polar phase transformation is estimated to occur at 3.80(0.15) GPa, although when zero-point energy corrections to the enthalpy are considered this reduces to 3.25(0.15) GPa.
In Supplementary fig. S3 , we show the quasi-harmonic Helmholtz free energy calculated in the three energetically competitive phases in bulk BCO at zero pressure by considering fixed AFM spin order. It is observed the F harm is smallest in the orthorhombic P bnm phase, and practically equal in the tetragonal P 4mm and monoclinic P c phases. These results justify our neglection of the monoclinic P c phase in the analysis presented in the main text, as they show that lattice thermal excitations strongly disfavor it with respect to the orthorhombic P bnm phase. For instance, at T = 1000 K the quasi-harmonic free energy difference ∆F harm = F harm (P bnm) − F harm (P c) amounts to ∼ −100 meV/f.u., which is more than three times larger in absolute value than the corresponding enthalpy difference In Supplementary figs. S6-7, we analyse the lattice phonon eigenmodes calculated in the tetragonal P 4mm and orthorhombic P bnm phases, respectively, over the corresponding Brillouin zones. The atomic contributions to those lattice phonons are expressed as a function of eigenmode energy (calculated in the AFM ground state); in both cases, the relations between atomic character and eigenmode energy are very similar to those explained for the special point Γ in the paragraph above. We also represent the phonon frequency shift ∆ω ≡ ω AFM − ω FM calculated in each phase as a function of eigenmode energy. Likewise, the relations between ∆ω and eigenmode energy are very similar to those explained for the special point Γ in the main text.
In Supplementary figs. S8-9, we show the AFM(C) and AFM(G) magnetic spin order parameters calculated in the tetragonal P 4mm and orthorhombic P bnm phases, respectively, expressed as a function of pressure and temperature. As it is explained in the main text, the magnetic Néel transition temperatures in the two phases are quite different (i.e., T N in the tetragonal phase is about 200 K smaller than in the orthorhombic phase) and the effects of hydrostatic pressure on them quite mild (i.e., P only induces an approximately linear increase of ∼ 10 K/GPa).
In Supplementary fig. S10 , it is shown how the volume of the tetragonal P 4mm and orthorhombic P bnm phases in bulk BCO change as a function of temperature at a fixed pressure of 2.5 GPa. We observe a sizeable decrease in the thermal expansion of the crystal just after becoming magnetically disordered (solid lines); this effect is especially pronounced in the tetragonal phase. When AFM spin order is kept fixed in our quasi-harmonic freeenergy calculations (see dashed lines), such an effect disappears.
In Supplementary fig. S11 , we enclose the quasi-harmonic Gibbs free energy of the the tetragonal P 4mm and orthogonal P bnm phases calculated at a fixed pressure of 2.5 GPa and expressed as a function of temperature. Spin disorder contributions to the free energy are taken into account. Three structural transitions occur within a narrow T -interval of ∼ 325 K (see arrows in the figure) due to the underlying spin-phonon couplings.
In Supplementary fig. S12 , it is shown that enthalpy contributions in general favor the tetragonal phase whereas phonon excitations, which are directly related to the Helmholtz free energy, favor the orthorhombic phase. The effects of T -induced magnetic disorder on these two quantities are subtle. For instance, when considering fixed AFM spin order the ∆F harm calculated at P = 2.5 GPa and T = 300 K is 0.035 eV/f.u.; however, after considering disorder effects on the lattice excitations this quantity becomes 0.045 eV. Regarding ∆H harm , we observe that when the tetragonal phase becomes paramagnetic it is significantly stabilized over the orthorhombic (see abrupt changes in the isoenthalpic curves at ∼ 350 K). This effect results from a sizeable decrease in the thermal expansion of the tetragonal phase, as shown in fig. S10 , which in turn is provoked by the spin-phonon couplings.
In Supplementary fig. S13 , we represent the magnetic free energy difference calculated among the tetragonal P 4mm and orthorhombic P bnm phases as a function of temperature at P = 2.5 GPa. These results are obtained within the mean-field approximation to the spin-1/2 Ising model in the absence of an external magnetic field, for which the exact analytical expressions are known (see, for instance, Ref. [ ]) . The value of the accompanying Ising coupling constants are obtained directly from the magnetic transition temperatures that we have estimated for each phase. The F mag terms represent the free-energy associated exclusively to the spin fluctuations. As it is appreciated in the figure, ∆F mag is always well below 5 meV/f.u., which corresponds to the accuracy threshold in ourG harm calculations;
hence magnetic entropy effects stemming from the spin fluctuations can be safely neglected in our study. We note that F mag is most favorable to the orthorhombic phase and that the free-energy difference ∆F mag is maximum at around T = 300 K. This implies that in the unlikely case that magnetic entropy contributions were non-negligible, they would tend to shift the predicted P 4mm (AFM)-P bnm (AFM) phase boundary shown in Fig. 2 of the main text towards lower temperatures. We note that the agreement between our predictions and experimental observations at P = 2.5 GPa and T = 300 K conditions is already excellent, which comes to support the validity of our arguments and approximations.
In Supplementary fig. S14 , we enclose zero-T enthalpy energy results obtained in systematic chemical substitutions performed in bulk BCO. We have analysed the energetics of Bi 1−x A x Co 1−y A' y O 3 solid solutions at zero pressure, in which A = Y and La, A' = Fe and Mn, and x, y = 1 4 and 1 2 . It is observed that ∆H eq can be efficiently tuned via doping, although in most cases the non-polar phase already turns out to be stabilised over the polar one (i.e., 0 ≤ ∆H eq ). Nevertheless, we find two promising compounds, BiCo 1/2 Fe 1/2 O 3 and Bi 3/4 La 1/4 CoO 2 (marked in yellow in the figure) , for which the corresponding energy differences lie within the desired interval, namely, ∆H eq = −0.075 and −0.033 eV, respectively.
In Supplementary igs. 15-16, we represent the lattice phonon spectrum calculated in the Bi 3/4 La 1/4 CoO 3 compound for the tetragonal P 4mm and orthorhombic P bnm phases, respectively. As it is shown therein, both phases are vibrationally stable as all their phonon frequencies are positive. 
